A meshless method for the solution of 2D Helmholtz equation has been developed by using the Boundary Integral Equation (BIE) combined with Radial Basis Function (RBF) interpolations. BIE is applied by using the fundamental solution of the Helmholtz equation, therefore domain integrals are not encountered in the method. The method exploits the advantage of placing the source point always in the centre of circular sub-domains in order to avoid singular or near-singular integrals. Three equations for two-dimensional (2D) or four for three-dimensional (3D) potential problems are required at each node. The first equation is the integral equation arising from the application of the Green's identities and the remaining equations are the derivatives of the first equation in respect to space coordinates. RBF interpolation is applied in order to obtain the values of the field variable and partial derivatives at the boundary of the circular sub-domains, providing in this way the boundary conditions for solution of the integral equations at the nodes (centres of circles). The accuracy and robustness of the method has been tested on some analytical solutions of the problem. Two different RBFs are used, namely 1 ) ln( ) ( 2 1
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theoretical approach is not possible, i.e. multiphase flows or in the absence of experimental research. Hence, robust numerical algorithms are needed. The robustness of the numerical scheme plays a more important role whilst dealing with high frequencies since the numerical pollution and dispersion affect the accuracy in a significant way [1] . Meshless methods have received attention in the last a few decades due to their several advantages over usual boundary element methods hence some approaches, using Galerkin method [2] and hybrid boundary node method [3] , are present for solving the Helmholtz equation. In this report, we present a truly meshless Radial Basis Integral Equation Method (RBIEM) in order to solve the governing Helmholtz equation in a 2-D setting.
In the direct BEM formulation for the Helmholtz equation, difficulties in implementation arise due to singular integrals which require a special treatment [4] , and furthermore the solution loses its accuracy significantly in the interior part of the domain close to the boundary which could be handled by integral transformations as [5] performed contour integration.
Similarly to the local boundary integral equation method [6] , the RBIEM [7] implements the BEM equation over circular sub-domains where the source points are placed in the centres of the circles, which eliminates the above mentioned singular integrals. Three equations at each source point for 2D problems are solved, one for the field variable using the direct BEM formulation while the other two equations are the derivatives of the original equation in respect to spatial coordinates at the source point. The field variable and gradients over the circular boundaries are interpolated by using radial basis functions (RBFs). The augmented thin plate spline (ATPS) and fourth order ATPS with second order polynomial augmentation are used in this work. The fundamental solution, Hankel function of the second kind, of the interior 2D Helmholtz problem is used. The matrix coefficients resulting from the integration over the circular boundaries will be same provided that the radius remains the same, therefore they are evaluated only once.
The RBIEM differs from the LBIE in certain aspects [7] : (i) for the solution on the boundary, the LBIE replaces the circular domain with part of the global boundary and the remaining part of the circle, whereas the RBIEM keeps the circular integration approach on the. (ii) the LBIE uses the concept of "companion solution" in order to avoid the gradients/normal derivatives inside the problem domain while the RBIEM solves for the potential and the partial derivatives at each source node including the global boundary of the domain. (iii) The boundary conditions in the RBIEM are directly imposed at the source points on the global boundary, each replacing one of the three equations.
Since the integral domains are always circular, the integrals are regular regardless of the order of the derivative; though the integral kernels for the 2D Helmholtz equation include Hankel functions up to second order, whose evaluation is a challenging task [4, 5] .
The method is briefly described in Sections 2 and 3, while numerical examples are presented in Section 4 with the conclusions in Section 5. The details concerning the solution procedures in the RBIEM can be found in [7] .
The radial basis integral equation method
In this section the radial basis integral equation method (RBIEM) is introduced.
Let us consider the following Helmholtz equation:
where u(r) is a potential field, r is a position vector. Given a point r inside a domain , by applying the Green integral formula equation (1) can be transformed into the following integral form: (2) where u * (r,) is the fundamental solution of the Helmholtz problem,
. For a 2D problem the fundamental solution is given by
where J 0 and Y 0 are Bessel functions of first and second kind, respectively and R is the distance from the point of application of the concentrated unit source to any other point under consideration, i.e. R = |r -|. The derivative of the fundamental solution could be evaluated analytically;
The constant (r) has value from 0 to 1 being equal to 1/2 for smooth boundaries and 1 if the source point r is inside the domain. The proposed formulation solves in each interior node three integral equations in order to obtain the potential u, and the partial derivatives u/x j . Equation (6) is used to find the potential while the equations for derivatives u/x j are obtained by differentiating (2) in respect to x j , where x j are components of r. The derivatives of (2) are given below:
Note that the derivatives of the fundamental solution and its gradient appearing in the integral Kernels of Eqn. (6) can be evaluated analytically as given below:
The discretized form of (6) for the unknown u/x j at node i is given as:
The normal derivative q in (9) can be written as:
where n k are components of the unit normal vector. According to (10) equation (2) can be discretized as:
where G ijm = G ij n m . Substituting q from (10) into (9) yields:
where G inp = G in n p . Equation (11) introduced on the circular boundaries in order to define the four quadratic elements used in the integration over the circles. The values of the field variables at the eight nodes were determined through interpolation using the values of field variables at neighbouring nodes. The final system of equations solves for potentials and derivatives only at specified nodes for solution of the problem, which are located at centres of circular sub-domains, and not at the fictitious nodes on the circular boundaries. Only nodes at centres of sub-domains are used in the interpolation for obtaining the values of field variables at fictitious nodes on the circular boundaries. The unknown potential at one of the eight nodes, denoted by  is approximated by n neighbouring nodes x i by the following formula:
The n neighbouring nodes can be given as an input to the code, which would in part reduce the meshless nature of this approach, or can be generated automatically as was done in the present case. Two possibilities were considered:
(i) to select the interpolation nodes by defining a suitable radius around  which would contain the desired number of interpolation nodes, or (ii) to define the required number of interpolation nodes n and let the numerical scheme find the nearest n nodes to . In this case the option (ii) was adopted since it offered better control over the number of nodes used in the interpolation of the field variables.
Here f is the ATPS function and a i are the unknown coefficients. The unknown coefficients a i are determined by constructing a system of equations which is obtained by applying (15) on neighbour nodal points The potential at point  can be written as
The partial derivatives at  are obtained as:
where
T and q l = u/x l . Equation (20) produces more accurate approximation of the partial derivatives.
Numerical results

Solution of the helmholtz equation
The Helmholtz Eqn. is used in order to verify the validity of the approach. A square domain with length L=1 at each side is considered. The The number of neighbouring interpolation points used in the RBF has been increased up to 48, which is sufficiently large. The results show slight improvement up to this point, whereas numerical error dominates afterwards. The results reach a nearly stable behaviour for N d ≥ 28 (Fig. 2) . Nevertheless, a choice of 16 gives the best accuracy which is also preferable to the large numbers due to the significant reduction in the sparsity of the overall matrix and computation time in that regard.
The behaviour of the method is investigated near the boundaries by varying the integration radius R b and the number of nodes in the RBF for the nodes on the boundary, N b , close to the boundary or far inside the domain. Note that keeping the same value would decrease the computation time since the circular integration results in the same coefficients for fixed radius and number of boundary elements used. Reducing the R b and N b show slightly more accurate results, hence related figures are not shown here. 
Example 2
Another solution to the Helmholtz equation is used in order to test the effect of the RBFs. A square domain with length L=1 at each side is considered. The following boundary conditions are applied: Two different RBFs are used:
The tests related to the best accuracy of the method were performed for the second RBF, f 2 , as well. The optimum parameters were found to be the same with the first RBF except the number of fictitious nodes on each circle of integration, e.g. N ω =24, N d= 16, N b =12 and R b = D x. For the sake of brevity, related figures are not re-plotted here. As seen in Table 1 , the solution converges 
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A meshless method for the solution of 2D Helmholtz equation has been developed by using the Boundary Integral Equation (BIE) combined with Radial Basis Function (RBF) interpolations. BIE is applied by using the fundamental solution of the Helmholtz equation, therefore domain integrals are not encountered in the method. The method exploits the advantage of placing the source point always in the centre of circular sub-domains in order to avoid singular or near-singular integrals. RBF interpolation is applied in order to obtain the values of the field variable and partial derivatives at the boundary of the circular sub-domains, providing this way the boundary conditions for solution of the integral equations at the nodes (centres of circles). The accuracy, robustness and efficiency of the method have been validated on some analytical solutions of the problem. The parameters emerging from the BIE and RBF, such as radius of circular integration, number of neighbouring nodes in the RBF interpolation, choice of RBF etc., have been tested to certain extent to determine more optimal values which yield to more accurate solutions. In the placement of source nodes, a distance of 0.01-0.02 of the wavelength between the nodes is essential to catch the wave behaviour precisely. An integration radius equal to this distance is found to give more accurate results. Among the two RBFs used, 
